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1.  Introduction 
The normality, regularity, full regularity and chain-complete property in partially ordered 
Banach spaces play important roles in analysis on Banach spaces. They have been widely 
applied to fixed point theory on partially ordered sets, on which topological structures are either 
equipped or not (see [1], [9], [11], [15], [19]). The connections between these properties have 
been studied by some authors (see [10]). For example, from Lemma 2.3.1 in Guo [10], we obtain 
the following result immediately: 
Lemma. Every closed order-interval in a regular partially ordered Banach space is chain-
complete. 
In section 3, these properties will be more deeply studied. It is well known that in the traditional 
fixed point theory the underlying spaces are topological spaces and that considered mappings 
must satisfy a certain type of continuity with respect to the topologies on the underlying spaces. 
In contrast with the traditional fixed point theory, for fixed point theorems on lattices or posets 
(such as the above listed fixed point theorem), the underlying spaces only hold some ordering 
structures (lattice or partial order), in which, there is neither algebraic structure nor topological 
structure. The considered mappings are only required to satisfy some ordering increasing 
conditions. Therefore, fixed point theorems on lattices or posets provide powerful tools to study 
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ordering problems without any topological structure, such as ordered optimizations problems and 
generalized Nash Equilibrium problems for strategic games with incomplete preferences (see [1-
2], [5], [8], [11-12], [15], [21], [23]).  
As a topological space or a Banach space is equipped with a partial order, the topological space 
or the Banach space becomes a partially ordered topological space or partially ordered Banach 
space. Then, in the study about Banach spaces, in addition to the original algebra structure and 
the topological structure, the ordering structure will provide an additional tool. The ordering 
relation on Banach spaces will play important roles to remedy the defect of the non-continuity of 
the considered mappings and the non-compactness of the underlying spaces. More precisely 
speaking, when one tries to solve a problem in Banach spaces, it is possible that the continuity 
condition of the considered mappings and the compactness condition of the underlying spaces 
may be replaced by some partial ordering properties. In this respect, fixed point theorems have 
shown the power and effectiveness in solving ordinary differential equations, integral equations, 
nonlinear fractional evolution equations, and ordered variatinal inequalities (See [3], [6-7], [10], 
[13-14], [16-18], [22]).  
In fixed point theory on partially ordered Banach spaces, some conditions or properties of the 
given partial order must be satisfied to guarantee the existence of a fixed point for a considered 
mapping. These properties include normality, regularity, full regularity and chain-complete, etc. 
The connections between the normal and regular properties on partially ordered Banach spaces 
have been studied by various authors. For example, in [10], Guo provided the characteristics of 
the normality, regularity, and full regularity and their inclusion properties on partially ordered 
Banach spaces. By using these properties, Guo proved several fixed point theorems. With these 
fixed point theorems, numerous solution existence theorems for ordinary differential equations 
and integral equations were proven.  
In this paper, we will more deeply study the connections between the normality, regularity, full 
regularity and chain-complete properties on partially ordered Banach spaces. We independently 
show that regularity implies chain-complete. By applying Theorem 3.1 in [15], we provide some 
fixed point theorems on both partially ordered Banach spaces and regular partially ordered 
Banach spaces. Then using these fixed point theorems, we prove the solvability of some integral 
equations in which the involved functions are not required to satisfy any type of continuity.  
2.  Preliminaries  
2.1 Natural topology on partially ordered topological space 
Let (X, ) be a poset.  For any u, w  X, the following -intervals are defined: 
          [u) = {x  X: x  u}, (w] = {x  X: x  w} and [u, w] = [u)(w] = {x  X: u  x  w}. 
If every chain of a subset D of (X, ) has the smallest -upper bound in D, then D is said to be 
chain-complete. If every chain of a subset D of (X, ) has both the smallest -upper bound and 
the greatest -lower bound, then D is said to be bi-chain-complete.  
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A poset (X, ) is said to have the chain-complete property (or it is simply said to be chain-
complete) if every -interval (w] of (X, ) has is chain-complete. It is said to have the bi-chain-
complete property (or it is simply said to be bi-chain-complete) if every -interval [u, w] is  
bi-chain-complete.  
Let (X, ) be a poset equipped with a topology  ((X, ) is a topological space). The topology  is 
called a natural topology on (X, ) with respect to the partial order , whenever, for every u  P, 
the intervals [u) and (u] both are -closed. 
In this paper, a poset (X, ) equipped with a natural topology  with respect to  on X is called a 
partially ordered topological space; and it is denoted by (X, , ).  
Let (X, ) be a poset equipped with a metric d (it is also a topological space with the topology on 
X induced by d). If the d-topology on X is natural with respect to the partial order , then  
(X, d, ) is called a partially ordered metric space. 
 
Let X be a real vector space endowed with a partial order , a poset. If the following (order-
linearity) properties hold:  
1. x  y implies x + z  y + z, for all x, y, z  X. 
2. x  y implies x  y, for all x, y  X and   0, 
3. there are distinct points x, y  X satisfying x  y,                                                             (1)                                                                         
 
then X is called a partially ordered vector space. The positive cone of a partially ordered vector 
space (X, ) is denoted by X+, which is a convex cone of X, and  
                                                   X+ = [0) = {x  X: x  0}. 
 
On the other hand, for an arbitrary, nonempty convex cone K of a real vector space X, we can 
define an ordering relation  on X by  
 
                                   x  y if and only if x  y  K, for all x, y  X. 
 
Then  is a partial order on X induced by K and (X, ) is a partially ordered vector space, in 
which the positive cone X+ = K. In this sense, the partial order  in a partially ordered vector 
space (X, ) can be considered as the ordering relation induced by its positive cone X+.  
A partially ordered topological vector space is both a partially ordered topological space and a 
partially ordered vector space. 
Furthermore,  if X is a topological vector space equipped with a partial order  induced by a cone 
K, then (X, ) is a partially ordered topological vector space (the topology is natural with respect 
to ) if and only if the cone K is convex and closed.  
Particularly, a Banach space equipped with a partial order is called a partially ordered Banach 
space if the norm-topology of this space is natural with respect to the given partial order and it 
satisfies the order-linearity properties in (1).  
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It is well known that the norm topology of a Banach lattice is always natural with respect to the 
given lattice order. Hence any Banach lattice can be considered as a special case of partially 
ordered Banach spaces. 
Remarks: In this paper, when we refer to the positive cone X+ of a partially ordered topological 
vector space (X, , ) it is always -closed.  
We recall some results from [12] about chain-complete subsets in partially ordered topological 
spaces. 
Lemma 2.1. Let (X, , ) be a partially ordered Hausdorff topological space. Then every 
nonempty compact subset of X is chain complete. 
Notice that a subset of a Banach space is (norm) strongly closed if and only if it is weakly closed. 
It implies that the norm topology in a partially ordered Banach space (X, ) is natural with 
respect to  if and only if the weak topology is natural with respect to . From Lemma 2.1, it 
follows: 
Lemma 2.2. Every non-empty norm-bounded closed and convex subset of a partially ordered 
reflexive Banach space is chain-complete. 
2.2 The connections between topological limits and order-superiors of sequences in  
       partially ordered topological spaces 
Let {x} be a chain in a partially ordered topological space (X, , ), where (, ) is the 
index set of this chain, which is a linear ordered set. A point x   X is called a limit of the chain 
{x} if for any given -neighborhood  of x, there is an index  such that 
                                                             {x: }  .                                                                (2) 
It is clear to see that the definition of limit defined by (2) is a natural extension of the sequential 
limit in analysis. 
Lemma 2.3. Let {xn} be a sequence (a chain) in a partially ordered Hausdoff topological space 
(X, , ). Suppose that x is the limit of {xn}. We have 
(a) if {xn} is -increasing, then {xn} = x; 
(b) if {xn} is -decreasing, then {xn} = x. 
Proof. We only prove part (a). Part (b) can be similarly proved. For any m  N, where N denotes 
the set of positive integers, since [xm) is -closed, {xn} is -increasing, and x is the limit of {xn}, 
it implies x  [xm); and therefore,  
                                                            xm  x, for all m  N. 
It follows that x is an upper bound of {xn}. To show that x is the least -upper bound of {xn}, let 
y be any given -upper bound of {xn}. Since {xn}  (y], then from the -closeness of (y] and x 
being a limit of {xn}, it implies x  (y]. Hence x  y.                                                                       
The following lemma and Example 2.7 show that the converse of Lemma 2.3 does not hold.  
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Lemma 2.4. There are some partially ordered non-reflexive Banach spaces (X, ), in which 
there is a sequence {xn} such that  
                               {xn: 1  n < } exists    and    {xn} is not a Cauchy sequence.  
That is,  
                              {xn: 1  n < } = v,  for some v   X,  but  lim xn does not exist. 
Proof. We will construct a counter example. Let C[0, 2] be the Banach space of all continuous 
real valued functions on [0, 2]  with the absolute maximum norm (x = )(max
20
tx
t 
, for any x  
C[0, 2]). It is a non-reflexive Banach space.  Let  be the component-wise partial ordering on 
C[0, 2]. That is, for x, y  C[0, 2], 
                                         y  x   if, and only if   y(t)  x(t), for all t  [0, 2]. 
It can be shown that the topology induced by the norm  is natural with respect to the partial 
order  on C[0, 2]. Hence (C[0, 2], , ) is a partially ordered non-reflexive Banach space. For 
any n, define xn  C(0, 2) by 
                                                    xn(t) = 
























.2,
1
,1
,
1
,0,
,0,0
n
tif
n
tifnt
tif
                                       
Define a non-continuous function u on [0, 2] as follows: 
                                                         u(t) = 





].2,0(,1
,0,0
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tif
    
Since for all n, xn = 1, we have xn(t)  u(t), for all t  [0, 2], as n , but {xn} is not a Cauchy 
sequence in (C[0, 2], , ). On the other hand, it can be seen that, for all n, xn  xn+1; therefore 
{xn} is an -increasing sequential chain in (C[0, 2], , ). Let v(t) = 1, for all t  [0, 2].  Then  
v  C[0, 2] and one can check that                                                        
                                                                     {xn} = v,  
But {xn} is not a Cauchy sequence in (C[0, 2], , ).                                                                    
Example 2.7. Let  be the component-wise partial ordering on l, that is, for x = {sm}, y ={tm}  
 l,   
                                            y  x   if, and only if   tm  sm, for m = 1, 2, … . 
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The topology induced by the supremum norm  is natural with respect to the partial order  on 
l. Hence, (l, , ) is a partially ordered non-reflexive Banach space. For every n, define xn = 
{snm}  l as follows 
                                                       snm = 





.,0
,,1
nm
nm
   , for m = 1, 2, … . 
Let w = {pm}  l with pm = 1, for all m = 1, 2, … . Then 
                                                               {xn: 1  n < } = w.   
It is clear to see that {xn} is not a Cauchy sequence in l; therefore,  
 
                           the limit of {xn} does not exist as n , (the norm topology on l).                 
 
2.3 Partially ordered non-reflexive Banach spaces may not have the chain-complete  
      property 
The Lemma 2.2 in the last subsection states that every partially ordered reflexive Banach space 
has the chain-complete property. That is, every non-empty norm-bounded closed and convex 
subset of a partially ordered reflexive Banach space is chain-complete. In this subsection, we 
show that some partially ordered non-reflexive Banach spaces do not have the chain-complete 
property (See Lemma 2.8 below). Furthermore, we show that in some partially ordered non-
reflexive Banach spaces, there are some norm-bounded and closed subsets that are not even 
inductive (See Lemma 2.9 below).  
Lemma 2.8. A non-empty order-bounded, closed and convex subset of a partially ordered non-
reflexive Banach space may be both inductive and not chain-complete.  
Proof. We provide an example to prove this lemma. Let (C[0, 2], , ) be the partially ordered 
non-reflexive Banach space defined in Lemma 2.4. Let B(0, 1) = {x  C[0, 2]: x  1}. Let v, 
and u be defined as constant functions with values 1 and 1, respectively. For every n, define 
                                                   xn(t) = 











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],1,0[,0
n
tif
n
tifnnt
tif
    
Then, for all n, xn  C[0, 2] and xn = 1.  It is clear to see that xn(t)  w(t), as n , for all t  
[0, 2], where 
                                                           w(t) = 





].2,1(,1
],1,0[,0
tif
tif
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Notice that w  C[0, 2] and {xn} is not a Cauchy sequence in C[0, 2] (It does not converge to w 
in C[0, 2]). For all n, xn  xn+1 and {xn} is an -increasing chain in (C[0, 2], , ). One can 
check that  
                                                     {xn: 1  n < } does not exist.  
It implies that the -bounded closed and convex subset (B(0, 1), )  (C[0, 2], , ) is not 
chain-complete. 
Since v and u are the -largest and -least points in B(0, 1), respectively. So (B(0, 1), ) is a  
bi-inductive, -bounded closed and convex subset of (C[0, 2], , ).                                           
Furthermore, we have the following result.  
Lemma 2.9. A non-empty norm-bounded closed and convex subset of a partially ordered non-
reflexive Banach space doesn’t need to be inductive.  
Proof. We will construct a counter example. Let C1[1, 1] denote the space of continuously 
differentiable functions on [1, 1]. A norm on C1[1, 1] is defined as: 
 
                                            x = )(max)(max
1111
txtx
tt


, for x  C1[1, 1].                                (3) 
 
It is well known that C1[1, 1] is a non-reflexive Banach space with the above norm. Define a 
partial order  on C1[1, 1]: for x, y  C1[1, 1], as 
                                y  x   if and only if   y(t)  x(t) and )(ty  )(tx , for all t  [0, 2].           (4) 
It can be shown that the topology of the norm  defined in (3) is natural with respect to the 
partial order  on C1[1, 1]. Hence (C1[1, 1], , ) is a partially ordered non-reflexive Banach 
space.   
Let B(0, 2) = {x  C1[1, 1]: x  2}, which is a non-empty -bounded closed and convex 
subset of C1[1, 1]. For any given   (0, 1), let 
                                                   y(t) = 











].1,0(,
2
1
],0,(,
2
1
2
1
],,1[,1
2
tif
tift
tift





                                        (5) 
It is clear to see that y  C1[1, 1] with y = 2 2/ . Take a strictly decreasing sequence {n} 
 (0, 1) satisfying 
                                                              n+1 < 
2
n
, for n = 1, 2, 3, ….                                       (6) 
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For every n, we define an element yn  C1[1, 1] similarly as the definition of the function y in 
(5), where n is substituted for .  Let 
                                                                v(t) = 





].1,0[,1
),0,1[,1
tif
tift
                                               
Then 
1. v  C1[1, 1]; 
2. yn  C1[1, 1] with yn = 2 
2
n
, for n = 1, 2, 3, … ; 
3. for every t  [1, 1], yn(t)  v(t), as n ; 
4. for every n, yn  yn+1. That is {yn}1n< is an -increasing chain in (B(0, 2), ); 
5. {yn}0n< is not a Cauchy sequence in B(0, 2); 
6. {yn: 1  n < } does not have an -upper bound in (B(0, 2), ). 
 
It implies that the non-empty -bounded closed and convex subset (B(0, 2), ) of the non-
reflexive Banach space C1[1, 1] is not inductive. 
We only prove the last two parts. 
Proof of part 5. For n = 1, 2, 3, … , from (6), we have 
                                           )()( 111   nnnn yy  = 1 
n
n

 1
> 
2
1
. 
It implies  
                                                    yn+1  yn > 
2
1
, for n = 1, 2, 3, … . 
Hence {yn}0n< is not a Cauchy sequence in B(0, 2)  C1[1, 1]. 
Proof of part 6. For n = 1, 2, 3, … , from definition (3), we have 
                                     )(max
11
tyn
t
 = )(max
11
tyn
t
 = 1 
2
n
, 
and 
                                                        )(max
11
tyn
t


 = )(max
11
tyn
t


 = 1. 
More precisely, we have 
                                                      yn(t) = 1 
2
n
, for 0  t  1,                                                (7) 
and 
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                                                      )(tyn  = 1, for 1  t   n.                                                (8) 
Assume, by the way of contradiction, that {yn: 1  n < } has an -upper bound w in the 
subposet (B(0, 2), ). Then 
                                                             w  yn, for 1  n < . 
From the definition of the partial order  in (4), for 1  n < , we have 
                                           w(t)  yn(t)  and )(tw  )(tyn , for all t  [0, 2].    
 
From (7) and (8), we obtain 
                                                              w(t)  1, for 0  t  1,                                                  (9) 
and 
                                                            )(tw  1, for 1  t < 0.                                               (10) 
On the other hand, from w  B(0, 2) and from (3), (9) and (10), we have 
                            2  w = )(max)(max
1111
twtw
tt


 = )(max)(max
110
twtw
ntt

 
 2. 
It implies 
                                                              w(t) = 1, for 0  t  1,                                                  (11) 
and 
                                                            )(tw = 1, for 1  t < 0.                                                 (12) 
(12) and (11) imply that w is linear on [1, 0) with slope 1 and passing through point (1, 0), 
and w(t) = 1, for 0  t  1. So w must coincide with v defined in (3). It is a contradiction to the 
fact that v  C1[1, 1]. 
From this part 6, we conclude that a non-empty norm-bounded closed and convex subset of a 
partially ordered non-reflexive Banach space may not be inductive. 
As a consequence of Lemma 2.9, we obtain similar statement for chain-completeness  
Lemma 2.10.  A non-empty norm-bounded closed and convex subset of a partially ordered non-
reflexive Banach space doesn’t need to be chain-complete. 
2.4 Normal and regular partially ordered Banach spaces  
In this subsection, we recall some concepts of normal and regular partially ordered Banach 
spaces. For details, the readers are referred to Guo [10]. 
Let (X, , ) be a partially ordered Banach space. If there is a constant  > 0 such that 
                                               0  x  y implies that x  y,                                                (13) 
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then  is said to be normal and (X, , ) is called a normal partially ordered Banach space. The 
minimum value of  satisfying (13) is called the normal constant of . It is clear that this 
minimum value  exists and is greater than or equal to 1. 
If every -upper bounded -increasing sequence {xn} of X is an -convergent sequence, that is, 
          x1  x2  …  y, for some y  X  there is x  X such that xn  x  0 as n  ,  
then  is said to be regular and (X, , ) is called a regular partially ordered Banach space. 
If every -bounded -increasing sequence {xn} of X is an -convergent sequence, that is,  
     x1  x2  … , and xn  M < , for some M > 0  xn  x  0 as n  , for some x  X, 
then  is said to be fully regular and (X, , ) is called a fully regular partially ordered Banach 
space. 
Theorem 2.2.2 in [10]. Let (X, , ) be a partially ordered Banach space. Then 
                               is fully regular   is regular   is normal.  
Theorem 2.1.1 in [10]. Let (X, , ) be a partially ordered Banach space. Then the following 
statements are equivalent: 
(i)  is normal;                                          
(ii) the norm  has an equivalent norm 1 such that 0  x  y implies x1  y1; 
(iii) every -interval [x, y] = {z  X: x  z  y} is -bounded; 
Question: In a regular partially ordered Banach space (X, , ), suppose that  satisfies 
                                         0  x  y implies that x  y, for x, y  X+. 
Does 0  x  y imply x < y, for x, y  X+ ? The answer for the above question is no, which is 
shown by the following lemma. 
Lemma 2.11. There are some regular partially ordered Banach spaces (X, , ), in which 
there are some points x, y  X+ such that 
                                                   0  x  y  and  x = y. 
Proof. In R2, define  to be the sum of absolute values of the coordinates. Let  be the partial 
order on R2 induced by the following cone: 
                                                       K = {(s, t)  R2: s  t}  
That is, for any (x1, y1), (x2, y2)  R2,   
                                         (x1, y1)  (x2, y2) if and only if x2  x1  y2  y1. 
It is enclosed by the two bisectors of QI and QII in R2. Since K is a closed convex cone in  
(R2, ), the topology of the norm  is natural with respect to the partial order  induced by K. 
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Let (xn, yn), n = 1, 2, … , be an -increasing sequence such that the norms are bounded by a 
positive number M: 
                                                               xm  xn  ym  yn, for all n  m,                                             (14)   
and 
                                                           xn + yn M, for all n.                                                      (15)   
From (14) and (15), it implies that {yn}is an increasing sequence of nonnegative numbers with an 
upper bound M. Hence it is convergent, and so it is a Cauchy sequence. Then, from (14), {xn} is 
also a Cauchy sequence. It implies that{(xn, yn)} is a Cauchy sequence in (R
2, ) and (R2, , ) 
is a fully regular partially ordered Banach space. We have 
                                       0  






2
1
,
2
1
 (0, 1)    and    






2
1
,
2
1
 = (0, 1) = 1. 
All points on the line segment connecting points 






2
1
,
2
1
 and (0, 1) form an -increasing chain, 
in which all points have the same norm 1. Also 
                                          0  





2
1
,
2
1
  (0, 1)    and    





2
1
,
2
1
 = (0, 1) = 1. 
All points on the line segment connecting points 





2
1
,
2
1
 and (0, 1) form an -increasing chain, 
in which all points have the same norm 1.                                                                                           
Lemma 2.12. The normality of a partially ordered Banach space does not guarantee the chain-
complete property.  
Proof. Let (C[0, 2], , ) be the partially ordered non-reflexive Banach space defined in Lemma 
2.4. Let u, v be the constant functions with values 1 and 1, respectively. It is straightforward to 
check that (C[0, 2], , ) is a normal partially ordered Banach space. (Note that from the proof 
of Lemma 2.4, we see that (C[0, 2], , ) is not regular). From the proof of Lemma 2.8, we get 
that the -interval [u, v] is not chain-complete. It concludes that (C[0, 2], , ) does not have the 
chain-complete property.                                                                                                                  
In Theorem 3.1 of the later sections, we will show that every nonempty closed inductive subset 
of a regular partially ordered Banach space is chain complete. As a consequence, it implies that 
the regularity of partially ordered Banach spaces guaranties that every closed order-interval is 
chain-complete. 
3.  Chain-complete property and fixed point on regular partially ordered Banach spaces 
3.1 Regular partially ordered Banach spaces have chain-complete property 
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In the previous section, we showed that some closed order-intervals (which are special inductive 
subsets) of some normal partially ordered Banach spaces are not chain complete. In this section, 
we prove that every regular partially ordered Banach space has the chain-complete property, 
which is showed by proving the fact that every closed inductive subset of any given regular 
partially ordered Banach space are chain-complete. Then, by applying this property, we prove 
several fixed point theorems of set-valued mappings on regular partially ordered Banach spaces. 
The following theorem can be proved by using Lemma 2.3.1 in Guo [10]. Here we give a direct 
and simpler proof.  
Theorem 3.1. Every nonempty closed inductive subset of a regular partially ordered Banach 
space is chain-complete. 
Proof. Let (X, , ) be a regular partially ordered Banach space and let D be an arbitrary 
nonempty closed inductive subset of X. Let C ={x} be an arbitrary (-increasing with respect to 
the index ordering) chain in D. Since D is inductive, then {x} has an -upper bound w  D. 
That is, 
                                                            x  w, for all index .                                                    (16) 
Take an arbitrary fixed index . Define C = {x}[), that is also an (-increasing) chain in D 
and w  D is also an -upper bound of C. Let C be the closure of C ={x}[). Next we show 
that 
C is also a chain in D.  
Since (X, , ) is regular, it is normal. From the properties of normal partially ordered Banach 
spaces, we may assume that  
                                            0  x  y implies that x  y, for x, y  X.                                  (17) 
For any different x, x  C , let  = x  x > 0. Then we can take two sequences {un} and 
{vm} in C such that 
                                            un  x, as n  ,  and vm  x,  as m  ,                                  (18) 
and satisfying 
                                 x  un < 0.1  and  x  vm < 0.1, for all m, n = 1, 2, … .                 (19)              
Then we show that either un  vm, for all m, n = 1, 2, … , or  vm  un, for all m, n = 1, 2, …. As a 
matter of fact, assume, by the way of contradiction, that there are numbers m, n and k such that 
                                                                   uk  vm  un. 
Then   
                                                             0  vm  uk  un uk. 
From (17) we have 
                                                             vm  uk  un uk.                                                      (20) 
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Estimating the right side of (20) by using (19) gets 
                                                un uk  un x + uk  x  0.2. 
The left side of (20) satisfies 
                                    vm  uk  x  x  x  uk  x  vm  0.8, 
which is a contradiction. Hence, without loss of generality, we can assume that un  vm, for all m, 
n = 1, 2, … . Then, for any fixed n, {vm}  (un]. From the closeness of (un] and (18), we obtain 
that x  (un]. That is, x  un, for every given n. It implies {un}  [x). From the closeness of [x) 
and (18), we obtain that x  [x). It implies x  x and x and x are -comparable. Hence C is 
also a chain in D.  
Any sequence {xn}  C  contains either an -increasing or an -decreasing subsequence {xn(k)}. 
It is clear that w is an -upper bound and x is an -lower bound of {xn(k)}.  From the regularity 
of (X, , ), {xn(k)} being either -increasing or -decreasing, it is always convergent. It implies 
that C is compact (with respect to ). So C is relatively compact, and C is separable. Hence 
C  has a countable dense subset {yn}  C.   
Next we construct a subsequence of {yn} to show the existence of  C . For a fixed prime 
number p, we choose an -increasing subsequence {ym(k): k = 1, 2, …} {yn} or an element yn(j) 
{yn}, for some positive integer n(j), as follows: For k = 1, if there is a number n(1)  p, such 
that 
                                                          yn(1)  yn, for all n = 1, 2, …,  
then stop the process and we have 
                                                          yn(1) = {yn: n = 1, 2, …}. 
Otherwise, we take m(1)  p, such that 
                                                   ym(1)  yn, for all n = 1, 2, … m(1) 1.   
After m(1) is chosen (Assume that n(1) does not exist). For k = 2, if there is a number n(2) with 
m(1)  n(2)  m(1) + p2, such that 
                                                    yn(2)  yn, for all n = m(1), m(1) + 1, m(1) + 2, …,  
then stop the process and we have 
                                                            yn(2)  yn, for all n = 1, 2, …,  
and 
                                                               yn(2) = {yn: n = 1, 2, …}. 
Otherwise, we take m(2)  m(1) + p2, such that 
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                                     ym(2)  yn, for all n = m(1), m(1) + 1, m(1) + 2, …, m(2) 1.  
It satisfies 
                                                                       ym(2)  ym(1). 
It implies 
                                              ym(2)  yn, for all n = 1, 2, …, m(2) 1.  
Continue the process. If there exists an integer n(j), for some j, then 
                                                             yn(j) = {yn: n = 1, 2, …}. 
Otherwise, we will choose an -increasing subsequence {ym(k)} of {yn}. From (16), it satisfies 
                                                             ym(k)  w, for all k = 1, 2, … . 
Since (X, , ) is regular, it implies that {ym(k)} is a convergent sequence of C and 
                                 ym(k)  y, as k  , for some y  C  (Since C is closed).           
From Lemma 2.3, we have 
                                                            y = {ym(k): k = 1, 2, …}.                                                 (21) 
Next we prove 
                                                             y = {yn: n = 1, 2, …}.                                                   (22) 
For any n = 1, 2, …, from the selection of {ym(k)}, there is a number k such that n < m(k). It 
implies yn  ym(k)  y. Hence y is an upper bound of {yn}. From {ym(k)}  {yn} and (21), (22) 
follows immediately.  
Since {yn}  (y] which is closed and {yn} is dense in C , it implies 
                                                                
C  C  (y].                                                               (23) 
So y is an upper bound of
C . By {yn}  (y] again, combining (23) and (22), we have 
                                                                      y = 
C .                                                                (24) 
By definition of C and 
C , we immediately obtain 
                                                                      y = C.                                                                       
As a consequence of Theorem 3.1, we have 
Corollary 3.2. Every nonempty closed bi-inductive subset of a regular partially ordered Banach 
space (X, , ) is bi-chain complete. 
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From this corollary and Theorem 3.1, we obtain Lemma 2.3.1 in Guo [10] as the following 
corollary. 
Corollary 3.3. Let (X, , ) be a regular partially ordered Banach space (X, , ). For any u, 
v  X with u  v, we have 
(a) (u] is chain-complete; 
(b) [u) is re-chain-complete; 
(c) [u, v] is bi-chain-complete. 
We conclude this subsection with the following property as a consequence of Corollary 3.3. 
Corollary 3.4. Every regular partially ordered Banach space has the bi-chain-complete 
property. 
From Corollary 3.4, we can obtain the following result about reflexive Banach lattices (see 
Theorem 4.9 and Corollary 4.10 in Aliprantis and Burkinshaw [2]).  
Corollary 3.5. Every reflexive Banach lattice is bi-chain-complete. 
Proof.  Let (X, , ) be a reflexive Banach lattice. From the definition of Banach lattices, for all 
x, y  X, 
                                                     y  x  0 implies y  x. 
It implies that (X, , ) is normal. Since (X, , ) is reflexive, it follows that (X, , ) is 
regular. Then Corollary follows immediately from Corollary 3.4.                                              
It is worth to note that it has been proved by Theorem 4.9 and Corollary 4.10 in Aliprantis and 
Burkinshaw that every reflexive Banach lattice has Dedekind chain-complete property (For more 
details, see page 187 in Aliprantis and Burkinshaw [2]).    
3.3 Fixed point theorems on regular partially ordered Banach spaces 
Let (X, ), (U, U) be posets and T: X  2U\{} a set-valued mapping. T is said to be isotone, or 
to be order-increasing upward, if x  y in X implies, for any z  Tx, there is a w  Ty such that z 
Uw. T is said to be order-increasing downward, if x  y in X implies, for any w  Ty, there is a  
z  Tx such that z Uw. If T is both order-increasing upward and order-increasing downward, 
then T is said to be order-increasing.   
In particular, a single-valued mapping F from a poset (X, ) to a poset (U, U) is said to be 
order-increasing whenever x  y implies F(x) UF(y). F is said to be strictly order-increasing 
whenever x  y implies F(x) UF(y).  
Let (X, , ) be a partially ordered Banach space. Let D be a subset of X. Let T: D  2X\{} be 
a set-valued mapping. For a point x  D, if x  Tx, then x is called a fixed point of T. The 
collection of all fixed points of F is denoted by (T). 
A nonempty subset A of a poset (X, ) is said to be universally inductive in X whenever any  
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given chain {xα} ⊆ X satisfying that every element xβ ∈{xα} has an -upper cover in A has an  
-upper bound in A.  
Some useful universally inductive subsets in posets are provided in [11], which are listed in the 
following two lemmas for easy reference.  
Lemma 3.7 Every inductive subset A with a finite number of maximal elements in a chain 
complete poset is universally inductive.  
Lemma 3.8 Every nonempty compact subset of a partially ordered Hausdorff topological 
space is universally inductive.  
For the easy reference, we recall   
Theorem 3.1 in [15]. Let (P, ) be a chain-complete poset and let F : P→2P\{} be a set-valued 
mapping satisfying the following three conditions: 
A1. F is order-increasing upward. 
A2. (F(x), ) is universally inductive, for every x ∈ P. 
A3. there is an element y∗ in P and v∗ ∈ F(y∗) with y∗  v∗. 
Then 
(i) ((F), ) is a nonempty inductive poset. 
(ii) ( (F)∩ [y∗), ) is a nonempty inductive poset; and F has an -maximal fixed point 
      x∗ with x∗ y∗. 
By Theorem 3.1 and as a consequence of Theorem 3.1 in [15], we have 
Theorem 3.9. Let (X, , ) be a regular partially ordered Banach space. Let D be a closed 
inductive subset of X. Let T: D  2D\{} be a set-valued isotone mapping with universally 
inductive values. Suppose that there are points x0  D, x1  Tx0 satisfying x0  x1. Then                                                                 
(a) (T) is a nonempty inductive subset of D;  
(b) (T)[x0) is a nonempty inductive subset of D.  
Corollary 3.10. Let (X, , ) be a regular partially ordered Banach space. Let D be a closed 
inductive subset of X. Let F: D  D be an -increasing single-valued mapping. Suppose that 
there is x0  D satisfying x0  Fx0. Then  
(a) (F) is a nonempty inductive subset of D;  
(b) (F)[x0) is a nonempty inductive subset of D.  
3.4 The set of fixed points of mappings may not be a sublattice in Hilbert lattices  
In the previous section, we mentioned that the set of fixed points (T), for set-valued mapping T, 
and (F), for single-valued mapping F are always inductive if T and F satisfy the conditions 
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given in Theorem 3.9 and Corollary 3.10, respectively. In this section, we provide some 
examples to show that, for some mappings defined on lattices, under the same conditions as in 
Theorem 3.9 and Corollary 3.10, the set of fixed points may not be a sublatice.     
Remark 3.11. Let D be an -chain-complete lattice. Let T: D  2D\{} be an isotone mapping 
with -chain-complete sublattice values. Suppose that there are points x0  D, x1  Tx0 satisfying 
                                                                   x0  x1.                                                                      
Then (T) is a nonempty inductive subset of D which may not be a sublattice of D.  
This can be shown by the following example. Let  be the component-wise partial ordering on 
the 2-Eculidean space (R2, ) that is, for u = (s1, t1), v = (s2, t2)  R2,   
                                            v  u   if, and only if   s2  s1 and t2  t1. 
Then (R2, , ) is a Hilbert lattice. 
Let D be the closed square in R2 with vertices at (0, 0), (0, 2), (2, 0) and (2, 2). Define a set-
valued mapping T: D  2D\{} as follows: for every (s, t)  D, 
                                       T(s, t)  =





.20,21)},1,(),,{(
,20,10)},,{(
tsifssss
tsifss
 
One can check that T satisfies all conditions in this remark. From Theorem 3.9, we conclude that 
(T) is a nonempty inductive subset of D. More precisely, (T) is the union of the closed 
segment with ending points (0, 0) and (2, 2) and the closed segment with ending points (1, 0) and 
(2, 1). It is clear to see that (T) is not a sublattice of D.  For example, (1, 1), (1.5, 0.5)  (T), 
but (1, 1)(1.5, 0.5) = (1.5, 1)  (T) and (1, 1)(1.5, 0.5) = (1, 0.5)  (T).  
For single-valued mappings, we have the following result: 
Remark 3.12. Let D be an -chain-complete sublattice of a reflexive Banach lattice. Let F: D  
D be an increasing mapping. Suppose that there are point x0  D satisfying x0  Fx0. Then (F) 
is a nonempty inductive subset of D which may not be a sublattice of D.  
We will show this by the following two examples.  
Example 1. Let (R2, , ) be the Hilbert lattice defined in the proof of Remark 3.11. Let A 
denote the closed segment with ending points (0, 0) and (1, 1) and let B denote the closed 
segment with ending points (2, 2) and (3, 3). Let  
                                                          D = AB{(1, 2), (2, 1)}. 
Then D is an -chain-complete sublattice of (R2, , ) and it is not a convex subset of (R2, ). 
We define F: D  D as below: 
                                                    F(1, 2) = (1, 2), F(2, 1) = (2, 1) 
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and 
                                                     F(s, t)  =





.),(),3,3(
,),(),0,0(
Btsif
Atsif
 
Then (T) = {(0, 0), (1, 2), (2, 1), (3, 3)}. It is a nonempty inductive subset of D. But (T) is not 
a sublattice of D.  For example, (1, 2), (2, 1)  (T), but (1, 2)(2, 1) = (2, 2)  (T) and (1, 2) 
(2, 1) = (1, 1)  (T).   
Example 2. Let (R2, , ) be the Hilbert lattice defined in the proof of Remark 3.11. Let D 
denote the closed 4-gon with vertexes at (0, 0), (1, 2), (2, 1) and (3, 3). Then D is a closed and 
convex subset of R2 and (D, ) is a chain complete sublattice of (R2, , ). Let C denote the 
closed segment with ending point (1, 2) and (2, 1) and C1 = C\{(1, 2), (2, 1)}. Let A denote the 
triangle with vertexes at (0, 0), (1, 2), (2, 1) excluding set C and let B denote the triangle with 
vertexes at (1, 2), (2, 1) and (3, 3) excluding set C. We define F: D  D as below: 
                                                      F(1, 2) = (1, 2), F(2, 1) = (2, 1) 
and 
                                                      F(s, t)  =





.),(),3,3(
,),(),0,0(
1CBtsif
Atsif
 
Then (T) = {(0, 0), (1, 2), (2, 1), (3, 3)}. It is a nonempty inductive subset of D. But (T) is not 
a sublattice of D.  For example, (1, 2), (2, 1)  (T), but (1, 2)(2, 1) = (2, 2)  (T) and (1, 2) 
(2, 1) = (1, 1)  (T).                         
4.     Hammerstein integral equations in Lp-spaces  
In this section, we always assume that (, ) is a -finite measure space. We consider the 
following nonlinear Hammerstein integral equation 
                                                              x(t) = 

)())(,(),( sdsxsfstT  ,                                           (25) 
where the function T(t,s) is called the kernel of this Hammerstein integral equation (25). We 
study the existence of solutions of equation (25) in the real Banach space Lp(, ), with norm 
p, for p > 1.  
Next, we prove some existence theorems of solutions for equation (25) in the space Lp(, ) by 
Theorem 3.1 in [15]. First we prove a similar result by Corollary 3.10 in the regular partially 
ordered Banach space Lp(, ) with respect to the component-wise ordering, where single-valued 
mappings are considered as special cases of set-valued mappings with singleton values.   
Theorem 4.1. Let T and f be real functions defined on  and on R, respectively, satisfying 
the following conditions: 
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     (i) there are some numbers p, q > 1 with 
qp
11
 = 1, such that 
                                                          =  
 








)()(),( tdsdtsT
q
p
q
  < . 
       (ii)  T(t, s) > 0, a.e. for t, s  ;                                               
       (iii)  f(s, ) is increasing, for every fixed s   and f(s, 0) > 0, a.e. for s  ; 
       (iv)  there is  > 0, such that 

)())(,( sdsxsf
p
 

 p
, for all x  Lp(, ) with xp  . 
Then equation (25) has a solution x* in Lp(, ) with 0 < x*p  . Moreover, the solution set of 
equation (25) in Lp(, ) is a nonempty inductive subset of {x  Lp(, ): xp  }. 
Proof. For the given positive number p > 1 in this theorem, let  
                                               K = {x  Lp(, ): x(t)  0, a.e. for t  }. 
 
It is clear that K is a closed convex cone in Lp(, ). The partial order  on Lp(, ) induced by 
the cone K is equivalently defined as follows. For any x, y  Lp(, ),  
 
                                            y  x if and only if y(t)  x(t), a.e. for t  .                                   (26) 
 
It follows that, both, the norm topology and the weak topology, are natural topologies on Lp(, ) 
with respect to the partial order  induced by the cone K. Let  denote the weak topology on 
Lp(). So both (Lp(, ), p, ) and (Lp(, ), , K) are partially ordered topological spaces.  
Since Lp(, ) is a reflexive Banach space, then (Lp(, ), p, ) is a partially ordered reflexive 
Banach space with the norm topology. Let  
                                                        P = {x  Lp(, ): xp  }.  
Then P is the closed ball in Lp(, ) at center origin and with radius , which is a bounded closed 
convex subset of Lp(, ). From Lemma 2.2, (P, ) is a chain-complete poset. Define a mapping 
F as 
                                            (Fx)(t) = 

)())(,(),( sdsxsfstT  , for all x  P.                                                          
From conditions (i) and (iv) of this theorem, for any x  P, we have 
                                              

)())(( tdtFx
p
 = )()())(,(),( tdsdsxsfstT
p
 
 
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
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q
p
q
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                                          =  

)())(,( sdsxsf
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  
                                            p.                                                                                               
It implies that F is a mapping from P to P. For any x, y  P, y  x is equivalent to y(t)  x(t), a.e. 
t   by (26).  From conditions (ii) and (iii) in this theorem, it follows that 
                                              (Fy)(t)  (Fx)(t)  
                                           = 

)())(,(),( sdsysfstT   

)())(,(),( sdsxsfstT                                             
                                           =  

 )())(,())(,(),( sdsxsfsysfstT   
                                            0. 
Hence F: P  P is an -increasing single-valued mapping. Hence F satisfies condition A1 in 
Theorem 3.1 in [15]. Since every singleton is clearly universally inductive, then F satisfies 
condition A2 in Theorem 3.1 in [15]. To prove that the mapping F satisfies condition A3 in 
Theorem 3.1 in [15], we chose the constant function   Lp(, ) with value 0. From conditions 
(ii) and (iii) in this theorem, we have 
                                                (F)(t) = 

)()0,(),( sdsfstT  > 0, for all t  . 
It follows that F   and F satisfies condition A3 in Theorem 3.1 in [15] with the constant 
function .  Then, from Theorem 3.1 in [15], F has a fixed point, say x*  P, which satisfies 
x*p  . It is a solution of the Hammerstein integral equation (25). From the above inequality, 
it follows that the constant function  is not a solution of the equation (25). It follows that x* .  
Then from part (a) in Theorem 3.1 in [15], it immediately follows that the solution set of 
equation (25) in Lp(, ) is a nonempty inductive subset of  P.                                                                                            
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